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1 Introduction and Global Density

Suppose that in a statistical experiment one takes M i.i.d. samples 1,1, ..., Ju with mean [ and
fixed N X N covariance ¥ (the null case is £ = I). Each of the i; is an N x 1 vector. In an actual
experiment, one would take M > N. That is, the number of trials exceeds the number of features.

Following [1], consider the sample covariance matrix 4;XX” where X has columns ; -, where j
is the sample mean. In the null case, the eigenvalues 0 < A; < A; < ... Ay are distributed according
to the Marchenko-Pastur law:
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Here « = M — N +1 - (2/B) and W,y a normalizing constant. The parameter  corresponds to real,
complex, and quaternionic for 1,2, 4 as with the Wigner case. It should be stated that the eigenvalues
in this case are singular values, and the large eigenvalues correspond to principal directions in the
given dataset, as would be used in a procedure like PCA. Below, however, it is the small eigenvalues
which are of interest.

2 The Determinantal Kernel

As in the Wigner case, the joint density above (for f = 2) arises as det(K(A;, A}))1<i<j<n for a kernel K
of a determinantal point process. Henceforth, set § = 2. Now, define (as in [2]):
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where the Li,a)(x) is a Laguerre polynomial. Then there is the following Christoffel-Darboux formula

([2):
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for the relevant kernel K. Since this density incorporates Laguerre polynomials, the above ran-
dom matrix model is called the Laguerre ensemble. It is of independent interest, but if one sends
B — oo the eigenvalues converge to the roots of Laguerre polynomials.

3 The Hard Edge

As M/N — 1, one obtains a limiting empirical distribution of the eigenvalues as in the Wigner case
called the Marchenko-Pastur law. However, observe that since at each stage the eigenvalues are
non-negative, this is also true of the limiting law.

While in the Wigner case, eigenvalue density can (with low probability) escape the semicircle for
a large Wigner matrix, the Eigenvalues of a Wishart matrix defined above can never go below zero.
Hence, 0 is referred to as the hard edge.



What can be said about local statistics at the hard edge? First, one must figure out the correct
scaling. Set R = N + (a + 1)/2. The following asymptotic may be derived by observing that 1,,(x?)
solves an analogue of Bessel’s equation. Writing this function as a sum of the fundamental solutions
(Bessel functions of the first kind J,) and a particular solution to the non-homogeneous equation
and using known asymptotics for Bessel functions ([3]) gives:
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From this, it becomes evident that the scaling which achieves level spacing of x is taking x/4N.

Using this asymptotic, Stirling’s estimate, and the Christoffel-Darboux formula one arrives at the
hard edge kernel (as in [2] or [1]):
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This describes the eigenvalues around 0 as a determinantal point process. The associated ¢-point
correlation functions may then be thought of as containing the statistics of the £ smallest eigenval-
ues.

4 The Semiclassical Perspective:

In order to get a handle on this formula, intuitive arguments as in [4] involving differential operators
may be made. Observe that for each n, the function ¢, is an eigenfunction with eigenvalue # for the
differential operator:
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It follows now from the Christoffel-Darboux formula:
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that the kernel K;f;) is the integral kernel of the spectral projection onto the eigenspaces of L
corresponding to the first N eigenvalues. L.e. the eigenvalues in the interval [0, N]. Equivalently, it

is the projection onto the eigenvalues of L/N in the interval [0, 1].
Can the limiting kernel be realized as a spectral projection as well? Perhaps for some "limiting"
differential operator? Substitute the scaling x/4N into the differential operator L to obtain:
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where the inequality denotes the range of the desired spectral projection. Simplifying a bit yields:
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Now, divide both sides by N to obtain
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Sending N — oo yields the following:
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Denote the operator in the middle Tf.



The hope is that the limiting kernel above expressed in terms of Bessel functions ], is the integral
kernel of the spectral projection of T onto [0, 1].

This is indeed the case. First, observe that the functions J,(+ Vtx) are eigenfunctions for T with
corresponding eigenvalue +t. Hence, the limit operator has continuous spectrum. Moreover, it
follows from the orthogonality relations [5] for Bessel functions and a u-substitution that:
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the limit kernel! Since the left hand side is an integral and not a sum, however, it is not immediately
evident that this is actually the integral kernel of the spectral projection onto [0,1] for T. This is
verified as follows via Fubini:
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Hence, K@ is indeed a projection kernel. Now, one needs to be careful as the ], are not necessarily
in L?, but this is nonrigorous anyway. What is it projecting onto? It projects onto the eigenvalues ¢
which land in [0, 1].
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