







































































































Lecture 2 Temperley bijection

dI.I
root Two types of

spanning tree T black faces Bo and B

on 22 vertices of T Bo

D

Eff
Bijection between spanning trees

and domino tilings

Detemperleyan domain

in a All corner squares
a in are of type Bo24 11 14 14

in R to get a fileable
49in domain remove one Bo square

from the boundary
Local statistic

In Kenyon 1997
R

det K w w B bish

iifI
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Facts bigsubmat small
submatrix

detkiwnew.is B bish
det k

bjs wjIdetk

All local statistics for the uniform
measure on dimer configurations on a

planargraph can be computed using
the inverse of Kasteleyn matrix

I I Eperate
Consider Kasteleyn signs introduced by Kenyon

Note that K K Id
i

Ʃ K b.w.lk w b Id wow
B

Since K is signed adjacency matrix we har

k b wo K b wo ik b wo iKIb w

Sw Wo










































































































where
n e e

IEk.kkH.l EE

Define

E b F b K b wa Then

F b F b i F b F b

Flb.tl FIb

ifwtfEeteCanchyRiemann equation
F is discrete holomorphic at all w wo

Divide black squares into two classes

Bo and BeI
411 1111
44 44 141
















































































Fly satisfies the following
4F b F b 2 F b 2 F b a F b 2

For all beBo such that

bxwo.FIis discrete harmonic at all bxwo

At Wo

F w.tl F w 1 if Woti if Wo i 1

Ʃ FIb F w.tt 1

Ʃ F b F w 1 1

In other words Away Erm Eke been.de y
F W Saw

Δ F b sb w.tt 55 6 1

Near Eke b.eu de.ny

b
F b 0

bz
Fiba o

Feb 1 O

OF W Saw wer and



DF b sb w.tn 5 may bendinth

4 14 11 NIE
4 14 in in 14 dinth

in 44 in mi or
d Intrudinth

41 4 4 11 I rvor14 11 41 04 4 41 Intr
44 in

F
B

E R and Flp Eir

Then K wo is discrete holomorphic
with a singularity at wo Moreover

K Wo
B

is discrete harmonic at
all black be Intr w.tt woti And

K Wo
B

Rek a wo

111 ws
B

iImK Wo

On Temperleyan domains Rek no

has zero Dirichlet boundary conditions



Gaussian Free Field

The Gaussian Free Field is not a
random function, but a random
distribution.

[1d analog: Brownian Bridge]
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The Gaussian free field � on D is the random distribution such
that pairings with test functions

R
D f � are jointly Gaussian with

covariance

Cov

✓Z

D
f1�,

Z

D
f2�

◆
=

Z

D⇥D
f1(z)G (z ,w)f2(w).



g f i left 6ff_

Wo Wo bEB G z W

to K b wo 3 61b w
fig in

uniformly on compactMore precisely holds near straighpart of 01

K b wo F b wo
6 Glb.no loglb

w.EEg.beBo

ImFw.s.be Be

IE HIV HIV 3 IP w.ba 1 1 IP w.br

3 IP web 1 11 IP Web
4 IP W.b IP W b

TIM iii

All moments of the height function
can be written in terms of K

If Kenyon'oo

On Temperleyan domains height fluctuations

converge to the GFF as 8 0


