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Mini Course: Dimers and Embeddings
Marianna Russkikh TA: Matthew Nicoletti

Exercise Session Two: Discrete harmonic and holomorphic func-
tions

Below Q C C denotes an open simply connected subset.

Remincler:

* A function u is harmonic on Q iff Au(z) = uy, + uy, = 0 for any z € Q.

* Aform w = Pdx+ Qdy is called closed if for any loop Yy we have fya) = 0. In this case, we can define
a primitive F of @ (i.e., a function F' such that dF = @) by letting F(z) = [ @, where z9 € Q is some
fixed point and fzzo denotes the integral along any path in € connecting zp and z.

Harmonic conjugate

(a) Let u:Q — R be a harmonic function. Show that d*u := u,dy — u, dx is a closed form.
[Use Green’s theorem: for any P,Q € C!(Q) one has [, Pdx+Qdy = [[, (%—g - 3—5) dxdy.]

(b) In the setup of (1a), define v to be the primitive of d*u. Observe that Vv is equal to Vu rotated by /2
counterclockwise everywhere.

(c) Show that f := u+iv is a holomorphic function.
(d) Check that for any function f : Q — C one has 499 f =400 f = Af.

Discrete harmonic conjugate

A function u : Z? — R is called discrete harmonic at b € Z?2 if

u(b+1)+u(b+i)+ulb—1)+u(b—i)—4u(b)

Adiscrl't(b) = 4 =0.
(a) Check that if u € C*(C), then for any b € C
u(b+€) +u(b+tie) +u(b—¢€)+u(b—ic)—4u(b) _ ejAHO(gz)’
4 4
i.e., Agiscr approximates A in a certain sense.
(b) Given an oriented edge (b1b,) of Z?, denote by (b;b3) the oriented edge of (Z+ 1) x (Z+ 1) which
has the first vertex (here b) to its right. Define a 1-form on oriented edges of (Z + %) X (Z + %) by

o (b1b3) == ulbs) — u(by).

Show that @ is a closed form (sums to zero around any loop in the dual graph) if u is discrete harmonic.
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(c) Define a function v: (Z+ 1) x (Z+ %) — R to be the primitive of ®, which means that the equality
v(by) —v(b3) = 0(b1b3)

holds for any adjacent vertices b} and b3 of (Z + %) X (Z + %) Show that v is discrete harmonic.

(d) Letu and v be defined as above. Let B := Z* U (Z + %) X (Z + %) and define a function f: B — RUIR
by

~Ju) ifbez?
f(b>_{iv(b) ifbe (Z+%) x(Z+1).

Let us define discrete operators dgscr and Odiser by the formulas:

[adiscrf](W)=;<f( +2)2f( 2)_|_f( +2)2if( 2))7
[édiscrf](w):;<f( +2)2if( 2>_|_f( +2)2f( 2)))

Show that [dgiser f](w) =0 forall w € W := (Z x (Z+ 1)) U((Z+ %) x Z).
(e) Suppose that f € C!(C). Show that

% (f(w+§)2—if(w— 2) S tis) ;f(w—ig)

) ——i59f+o(e),

i.e., édiscr approximates 2.
Definition: we call a pair f := (u,iv) a holomorphic function and associate u with the real part of f
and v with its imaginary part.

(f) Show that 4[adiscr9discrf] (b) = 4[9discradiscrf] (b) = Adiscrf(b)-

UVA Integrable Probability Summer School Mini Course: Dimers and Embeddings 2



