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Last time Formal power series and Continued fractions
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2 Orthogonal Polynomials

Start w autuzo real seq

Define linear functional on x by 212 an

Observe
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Define a semi inner product on I x by
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Thm Polys Un us orthogonal wrt some 20 satisfy
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Polys Un us satisfying
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started with fan no strictly positive definite

Defined a positive linear function e x by Lix an

Defined inner product on e x by

p 8 L pg

let a a x

Gave an orthonormal basis U Un Il Unll
azo

Define linear operator M on spank as M pin xp pd

Observe that M Yo d's an lx I

Lift to a symmetrin op on Je self adjoint extension

spectral tum supplies he o s t an ident
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Generally questions of uniqueness not relevant this time
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10 k and ending at hee with weights
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where Merlin is the set of Motzkin paths starting at
10 k and ending at n e with weights
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Putting 1 and 2 together

Consider a sequence an n o 90 1 J fraction

Expand its generating function as an 2

1 2oz β 22

1 2 Z βzZ2

Equivalently fauluzo is the sequence of moments of

the orthogonalizing functional L for the polynomials
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We have 220
an is a seq of moments of a probability measure on R

La B ER and either βu so th measure has infinite support
or

Paso new and C F terminates with βN
measure supported on N elements

matrices H Hz Hz are positive semi definite

Hamburger moment problem

What about total positivity

H ait i so totally positive measure supported an o x

Stieltjes moment problem
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137 Operator models

let H be E Hilbert with on basis en n o

Let A and Ñ be linear operators with matrices in en

do α ERa Tfiq ff.EE msn.ro1
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Motivation noncommutative probability

Def A noncommutative probability space is a pair it 6

Noncommutativewhere it is a algebra I EA
random variables

6 A A linear 4121 1 41251720 SEA

Expectation

Example 1 A A Cafe
P 6

Example 2 A Nathan E 6 In Tr

Example 3 Combine Ex I 8 Ex 2 Exercise

Compere Def to Ex I 3 Typically A has more structure






































































Def The distribution of scent is determined by its moments

es si pas's eatin x et Ken

Fervelpartitias i the my men

For x y e it x xt y y't their joint distribution is
determined by

61 x gm x'y oily

Notions of independence rules for factorizing moments

E g X j classically independent he lay Ky 61213761g
w all partitions

E g X j Boolean independent 6 lay Ky
61216557 4 y

interval partition






































































E g X j freely independent

6 41 41 1 y 6181 22 41217 y 412177 0

Hence he lay sty Exercise
p g

non crossing
partitions

General observation probabilistic structure

i
combinatorial structure

Bona fide probability

Suppose it is a Ct algebra Take X EA s t 2 X

By the spectral theorem
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Classical Free

Central limit

e as

Kh it can.gg

that limit

É T za

g

Poisson limit Poisson limit

By Ch f

which types of combinatorial objects can play a structural role

When is tan use a moment sequence

2 7
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1 Min

Next lect



Positivity Combinatorial factorization into irreducibles

us

moment cumulant formula

Combinatorial view

identify families of naturally occurring irreducibles
into which objects can be decomposed and from which

they can be uniquely reconstructed

A general theory of

irreducibility



Three canonical examples

ALL Decomposing diagrams along all set partitions

E g permutations factorizing into cycles

whiff
each part is assigned
a unique cycle

General formula the exponential formula

A a Ʃ 9 x
ales

I a Ʃ in an irreducibles
n

Atal exp Ilse Riddell 51



Three canonical examples

NC Decomposing diagrams along non crossing partitions

E g NC partitions themselves

we
E g Positroids decomposing into connected positroids

recall Andilla Rincon Williams 16

General formula the exponential formula

A x Ʃ an 71 ales

I a Ʃ in 21 irreducibles

Alal It ICRA x Simpson Beissinger 85



Three canonical examples

INTERVAL Decomposing diagrams along interval partitions

E g Permutations factorizing along interval partitions into

stabilized interval free IS I permutations Callen

WEIWEIL L
L L I

SIF NOT SIF

General formula the exponential formula

A x Ʃ an 29 ales

I 131 Ʃ in X irreducibles

Alal 1 IC



Fast when the sequence of alls is a moment sequences

the sequence of irreducibles in the previous 3 examples are

cumulant sequences

Recall cumulants linearize convolution

i e Katy Kx tky
Dependent on the notion of independence

Specifically

Classical moment cumulent formula MCZ ek't

Free moment cumulent formula ME it C ZM 21 Speicher 94
independent

Boolean moment cumulent formula MCZ
z



Next

Which combinatorial structures are naturally captured

through Motzbin paths continued fractions

How can we unify a number of known combinatorial

continued fractions

How do we decompose a combinatorial statistil in terms of

elementary building blocks


