Acrtic Curves of
the T-system

with Slanted
Initial Data

Trung Vi

Acrtic Curves of the T-system with Slanted
Initial Data

Trung Vu

University of lllinois Urbana-Champaign

University of Virgina 2024 Integrable Probability Summer School
July 19, 2024

arXiv: 2403.02479, joint work with Philippe Di Francesco


https://arxiv.org/abs/2403.02479

Definition and Visualization of T-system

Acrtic Curves of
the T-system
with Slanted

Initial Data

Trung Vu

T-system/
Octahedron

Recurrence . . .
Definition

The T-system of type A, also known as octahedron recurrence,
is a 3-dimensional recurrence relation in variables T; j «, i, j, k € Z:

Tijk+r Tijok—1 = Tiv1jk Ticijk + Tije1k Tij—1,k-
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Recurrence

k+1
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Tijk+1 Tijk—1 = Tivjk Ticijk + Tijek Tij—1,4

S d Surf: . . - e . .
ppes Sirace The solution T;;« (an expression as function of initial data) is unique

once we fix admissible initial data along any given “stepped surface”
k := {(lo, jo, kig.jo) * i0sjo € Z, |ki+1,j — kij| = |kij+1 — kij| = 1} for all
i,j € Z. The initial data assignments read

T"Oij:kio,jo = Tig.jo » (o, jo € Z) (2.1)

for some fixed initial variables t; j,, io,jo € Z.
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For a stepped surface k of initial data, we first bicolor the faces such
that any 2 neighboring faces of the half-octahedron have different
color. We further record the k-coordinates of the points in k, based
on the dictionary

kt1_k k k-1 k-1 |( l] k+1 k1l k k-1 k

k k-1 k+1 Kk k k+1 k-1 Kk k k+1 k k-1

Stepped Surface

Figure: Tessellation rule
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Stepped Surface

(a)

(b)

Figure: (a) is the domain for "flat” stepped surface where k = 0 or 1 while
(b) is a stepped surface in the shape of a pyramid in 3-dimension with
apex at height k =5

kil k k k-1 1 k+1 k+1 1 k

k k-1 k+1 k+1 k- k+1 k—1

Figure: Tessellation rule



From tessellation to T;; «

Acrtic Curves of
the T-system

with Slanted To find solution T;; x, we consider the intersection between the cone
Initial Data . . . -

Ix —il+ |y —j| <|z—k|, x,y,z € Zso with apex (i,j, k) and the
initial data stepped surface k.
T; j,k expression contains only the initial data point inside this
intersection

Trung Vu

Stepped Surface

Figure: The intersection of the cone with apex (0,0,4) in the solution of
To,0,4
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Definition (Slanted initial data)

clanted it Given a triple (r,s, t) € Z3,, ged(r,s, t) = 1 and t > max(r, s), we
data consider the initial data lies on 2t consecutive planes (Pp,),
m=0,1,2,...,2t — 1.

(Pm) ={(i,j, k) | ri + sj + tk = m}
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data

Figure: Stepped surface of initial data on the parallel planes perpendicular
to (r,s,t) = (1,2,3) and the tessellation corresponding to the solution
To,0,6
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Slanted initial
data

The solution of T-system with slanted initial data

Theorem (Di Francesco, V. 24")

The solution of the T-system with slanted initial data is expressed as:

Tix= I1

dimer configs. D faces (x,y)
on§ of G

(tx,y)"x'y/z_l_NW(D) (x,y) interior faces
(ty )1~ Nor(O) (x,y) boundary faces

where the sum extends over all dimer configurations on the dual graph G,
(a class of planar lattice graph defined by Bousquet-Melou, Propp, West
called "pinecone” in the original literature), while vy, € {4,6} is the
valency of the face (x,y) and Ny, (D) € {0,1, ..., vx,,/2} denotes the
number of dimers occupying edges adjacent to the face (x,y).
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Slanted initial
data

(a)

Figure: The tessellated domain (A) for To,0,.4 with (1,1, 3)-slanted initial

data, the corresponding dual graph (B) 92:?:; and a sample dimer

configuration (C) corresponds to the contribution
t_i,—1t—12to0ts,—2t20t22

to the partition function To 0.4
t11to,—1t1,—1ti1to



Density of T-system
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the T-system
with Slanted

Initial Data m The solution Tjj x of the T-system is the partition function of some
suitable dimer model D in terms of the initial data.

m Using some data from the solution T «, one can study the the
arctic phenomenon, which is the behavior of the model in large size
limit, where one can find a separation between crystal phases and
liquid phase in the dimer configuration

Density and
Arctic Curves




Density of T-system
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Pick a point (io, jo, ko = ki.j,) belonging to one of the initial data planes (Pm).
Then (i, jo, ko) corresponds to the center of a 2v-valent face at coordinates
(fo,Jjo) in the dual dimer graph centered at (/,j). As the local contribution to the

Trung Vu

v
.- . . 000 1. .
partition function is (t; ;)™ 2 1=Nig.io(P) | e may write:

(i0.josko) . 4. . L
ij.k = t'o,Joatio,jO log(Tij.k)

Density and t,'o Jo
Arctic Curves

1
= o tigjp O (Tijw)
i,k
vi
= <% —-1- Nfo,jo(D»iJvk

where (f); ; « stands for the statistical average of the function f over the dimer

configurations on D.
When considering the domains of large size, p = 0 in the crystal/frozen regions.
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Density and
Arctic Curves

Figure: The four frozen dimer configurations (up to rotation) in the four
corners of the (r,s, t) = (1,0, 3)-dual graph. In a larger case, one should
see that these frozen facets concentrate at the 4 corners of the dual graph.
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g From the octahedron recurrence

Tijkt1 Tijk—1 = Tivijk Tieijk + Tijjrre Tij—1,k-

The recurrence relation for p in general is:

(io+jo ko) (io+josko) _ . . (i0+jo ko) (io+jo ko) o (io+jo ko) (i+jo ko)
Bty il Pijksr TPijk—1 = Lijk (pi+1,j,/< TP 1k )+ Rijk (Pi,j+1,k + i 1k )
Arctic Curves

where

Lo Jitrok Tim1gk

ik = .
b Tijk+1Tijk—1

R Tijyik Tij—1k L
k=7 7 ——=1-Lijxk

Tijk+1Tijk—1



"Uniform” Initial Data
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data to be t; j = a™(™1)/2 where m encoded the parallel planes m
where (ig, jo) € Pm, m€0,...2t — 1. Then,

Tijk=a™m D2 m = ri 4 sj+ tk
Density and .
ArcticyCurves One can COmPUte
2_ 42 2
r—t 2t
Lijk=a"""  Rijxk=a"",

P2
Pij k1 + Pijk—1 =" ""(pit1jk + Pi-1k)

5271.“2
+ « (pij+1,k + Pij—1,k)-
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B Putting these values pgj'j?j{;°’k°) into a generating function:

(io+jo ko) (io.osko) i\ J _k
P (y,2) = > ploPio) Xy 2K
iJj,kEZL

Using the linear recurrence relation for p and the initial conditions
k

Density and p(’j’f’ ) = §; 48,0k 4 along the initial data surface k gives

Arctic Curves p(io ’jo'kO)(X, y7 Z).

22

1+ 22 — za—t (X + %) — zas? 1 (y + }17)

Z2

B Df,s;f(x7y7 Z)

p(O’O,O)(X7 y’ Z) =

But this is not really what we need, at least not yet
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The quantity pg'z’-’f’k") only measures the dimer density of the face

(fo,jo) of the dual graph centered at (i, /) with size k.

Trung Vi

But this is enough by the symmetry of the flat initial data

(en) _ (e=in—j)
Pijk = Po,0.k

Density and
Arctic Curves



Translational Invariance to Generating Function

Acrtic Curves of
the T-system
with Slanted

Initial Data

Trung Vu

Without going into detail, the translational invariance results in a
change of variable in the generating function. Specifically, the

generating function for the density pf'jf °) over all (ios Jo, ko) is
equivalent to the generating function
Density and P [ . .
retic Curves Josk — (ioJo ko) k
Aretie € plodoko)(x, y, z) = Z pijk Xy z"
ij,kEL
w(if0=0
with a change of variable x — z"/tx~1, y — z/ty~1 and some

factors.
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The asymptotic of the density is governed by denominator of its generating
function, which vanishes as x, y, z approach 1

Arsi(x,y,z) = D,7s,t(zr/tx_1, zs/ty_l,z)

Consider the scaling limit when i, j, k — oo with i/k — u, j/k — v finite, we
Bty il now apply the method of multivariate generating functions by Baryshnikov-

Htirs Cnres Pemantle-Wilson [BP11, PW04, PW08] for conical singularities, letting x — eX,
y = e and z — e~ <(xT%) and expanding at leading order in €, we find

Arsi(e™ e, e ) = @ Hy s o(x, v, u,v) + O(c)

for some explicit polynomial H of x,y, u, v
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Further imposing H;s«(x,y) = OxHrs,e(x,¥) = Oy H, s,:(x,y) = 0 has
non-trivial solution in x, y, which leads to the vanishing condition of
the Hessian determinant:

: O2H 0x0yH
Density and _ X XYy —
Arctic Curves P(”? V) - det( <8anH 8§H ) ) =0

This P(u,v) is the curve that separates the phase where in the limit
p;lsz{i’kﬂ =0 and liquid phase where p}‘fj{i’k‘) #0
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Theorem (Di Francesco, V. 24")

The arctic curves of typical large size (r, s, t)-slanted dual graph associated to the
solution of the T-system with uniform initial data t; ; = a™m=1)/2 on each
slanted plane m = ri + sj + tk =0,1,--- ,2t — 1, is the ellipse

(1—A) 22 + At?v? — A(1 — A) (ru+ sv + t)2 =0

Density and
Arctic Curves

2_2 2_,2 . . . , .
where A=A st :i=a” ¥ 1—A=a" "t inscribed in the scaling domain
t t+r t t+r t
v=— - u, v=— — u ue [——,0
t+s t+s s—t s—t t+r

t t—r t t—r t
v=— + —u, vV=— + u <u€[0,7:|>.
t+s t+s s—t s—t t—r
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Rt TG

Figure: Arctic curves for r, s, t-dual graph, together with the scaled
domain. Left: (r,s, t) =(1,1,3), center: (r,s,t) = (0,1,3), right
(r7 s’ t) = (1’ 27 3) N
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A specific initial data on the stack of slanted (r,s, t) = (r, r, t)-planes, which has

periodicity two in both i and j direction, namely, on each slanted plane Py,
me {0,1,---,2t —1}:

a (ib =0,jo =0 mod 2)

m(m—1)/2 « b (i() = 0,j0 =1 mod 2)
Dens_ity and (o (io = 1,j0 =0 mod 2)
Arctic Curves d (IO _ l’jo —1 mod 2)

tig.jo = &

1
such that rig + sjo + tko = m, io + jo + ko = 0 mod 2, and with o = 22~ as in
previous "uniform” initial data.

Question: Can we also analyze the asymptotic via ACSV?
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A specific initial data on the stack of slanted (r,s, t) = (r, r, t)-planes, which has
periodicity two in both i and j direction, namely, on each slanted plane Py,

me {0,1,---,2t —1}:

a (ib =0,jo =0 mod 2)
P am(m_l)/2 « b (i() = 0,j0 =1 mod 2)

Density and 0o c  (ib=1,jo=0 mod?2)
Arctic Curves d (IO _ l’jo —1 mod 2)

1
such that rig + sjo + tko = m, io + jo + ko = 0 mod 2, and with o = 22~ as in
previous "uniform” initial data.
Question: Can we also analyze the asymptotic via ACSV?

Quick Answer: Yes, but it is not easy and only r = s case has been solved



Arctic Curves Profile
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with Stanted Let 7= ;55 and 0 = # where a, b, ¢, d are the periodic weights
Trung Vu on each plane. Then the quantities £;j x and R;; x only depends on

7 and o, thus also controling the artic curves:

Density and lj

Arctic Curves N

(a) (b) (c) (d)

oc=1/4,7=1/2 oc=1/4,7=1/8 oc=1/4,7 =1/16 o =1/4,7 =1/64

Figure: Arctic curves for (r,s,t) = (1,1, 3), together with the scaled
domain with fixed o = 1/4.
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Density and
Arctic Curves

Figure: Arctic curves for r, s, t-dual graph, together with the scaled domain
for fixed 7 = 0. Left: (r,s,t) =(1,1,3),0 = % Center:

(r,s,t)=(1,1,5),0 = 3, Right: (r,s,t) =(1,1,5),0 =3 .
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e/
=

(e) Curves (A-D)

(c)o=1—-7=3/4

o=1-1=17/32

®o=1-1=9/16

[EER=N

m o=1-1=15)

(flo=1—-7=0

Figure: Arctic Curves for (r,s,t) =(1,1,3)and c =1—=71
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— What do we have now:

m New exact solutions of the T-system, with (r, s, t)-initial data
specified along parallel planes prependicular to some direction
(r,s,t).

m Some technical framework that said if one can find the general
explicit solution for the coefficient £ and R in the density
recurrence relation p;;  then the arctic curves can be obtained

HeleEplie via the sigularities.

Principle

A question: Starting from a solution of the T-system for some
(r,s, t)-initial data value, can we re-interpret the same solution as
corresponding to some different stepped surface along some

(7,8, t)-planes? Can the arctic curves even be obtained?
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— What do we have now:

m New exact solutions of the T-system, with (r, s, t)-initial data
specified along parallel planes prependicular to some direction
(r,s,t).

m Some technical framework that said if one can find the general
explicit solution for the coefficient £ and R in the density
recurrence relation p;;  then the arctic curves can be obtained

HeleEplie via the sigularities.

Principle

A question: Starting from a solution of the T-system for some
(r,s, t)-initial data value, can we re-interpret the same solution as
corresponding to some different stepped surface along some

(7,8, t)-planes? Can the arctic curves even be obtained?

Answer: Yes, definitely
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it o Consider the simplest case of uniform initial data viewed from the
Trung Vo “flat” perspective with (7,35, ) = (0,0,1) - the dual graph will the

Aztec diamond. But now, in the projection onto (i, ), the weight

reads:

(ritsj)(ri+sj—1)
2

T,"j’o =« (I+_/:0H10d2)
(ri+sj+t)(ri+sitt—1) i .
Tiji=« = (i+j=1mod?2)
Prnee This is equivalent to the solution of the T-system interpreted as

partition function for dimers on (7, 5, ) graph (Aztec Diamond in this
case), whose limit shape is governed by the same equations as the
original (r, s, t) setting, i.e. the asymptotics are dictated by

Afii(x,%z) = Dr,S,t(Z%/X7z%/Y7Z)
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(a) (b) (c) (d)

(r,s,t) =(1,1,3) (rys, t) =(1,2,5) (r,s, t) =(1,7,9) (r,s,t) =(1,7,15)

Holographic
Principle

(e) (h)

(r,s, t) =(2,2,9) (r,s,t) =(5,0,8) (r,s, t) =(7,0,13) (r,s,t) =(3,0,4)

Flgu FE€:. Density profile for given (r, s, t)-slanted values viewed from the (0, 0, 1) perspective on the scaled domain
|u| + |v| = 1. We have represented the coefficient Pijk of the generating series p(x, y, z) of order k = 45 and k = 46,

written as a function of (i/k, j/k), fori € {—45,--- ,45} andj € {—45, .- ,52}
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‘ (f) Curves
(d) r =0 =1/20 (e) r=o=1/40 (A-E)

Figure: Arctic curves library for 2 x 2 periodic weights on
(r,s,t) =(1,1,3), 7 = o varied from the (7, 3,t) = (0,0, 1)-Aztec
Diamond point of view
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(d)

Holographic (7,8, 1) = (7,4,11) (F,5,F) = (3,4,7) (7,5, 1) = (5,2,9)

Principle

Figure: Several (7,3, ) views of arctic curves of the (1,1, 3) slanted 2x2
periodic solution with 7 =1/4, 0 = 1/2.
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F|gU F€. Top: The surface for the T-system with (1,1,3)-slanted uniform initial data (depicted in orange/brown), together
with Left: the original slanted initial data plane ’}‘1’1,3 (depicted in blue); Right: the holographic section in the direction
(1,3,5), i.e. the plane Py 3 5 (depicted in blue). Bottom: The surface for the T-system with (1,1,3)-slanted 2x2-periodic initial
data with o = 7 = 1/4 (depicted in orange/brown), and the original slanted initial data plane Py 1 3 (depicted in blue). Left:
upper side view. Right: Lower side view.
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1.0,

Holographic g

Principle ) { 05

.0

W o=1/4,1=1/2,
W 0=1/8,1=1/2
W 0=1/16,1=1/2

W 0=1/64,1=1/2
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